A chiral invariant effective Lagrangian may be used to calculate the three-body interactions among low-energy pions and nucleons in terms of known parameters. This method is illustrated by the calculation of the pion-nucleus scattering length.
Recent articles
1,2 have described a systematic effective Lagrangian framework for the calculation of reactions involving arbitrary numbers of nucleons as well as pions of low 3-momentum. To leading order in small momenta, the 'potential' for such reactions is given entirely by the tree graphs in which only two of the pions and/or nucleons interact; further, their interaction is calculated using the original effective chiral Lagrangian 3 , which consists of terms with only the minimum numbers of derivatives or pion mass factors, supplemented by contact interaction terms among nucleons. The corrections to these two-body interactions of second order in small momenta involve not only one-loop graphs, but also a large number of new terms 4 in the Lagrangian with additional derivatives, so many that not much can be learned about pion-nucleon or nucleon-nucleon interactions in this way. Fortunately, these two-body interactions can instead be taken from phenomenological models that incorporate experimental information on nucleon-nucleon, pionnucleon, and pion-pion scattering. The only remaining contributions to the potential of the same order in small momenta consist of graphs in which three particles (or two pairs of particles) interact, their interactions given by tree graphs calculated from the original effective chiral Lagrangian. Thus we can use the three-body interactions calculated in terms of known parameters from the original effective chiral Lagrangians together with experimental data on two-body scattering to calculate all corrections to the potential of first and second order in small momenta.
This method will be illustrated here in the calculation of the amplitudes for pion scattering on complex nuclei. But first, a reminder of some generalities.
Consider the amplitude for a process with N n nucleons and N π pions in the initial state and the same numbers of nucleons and pions in the final state, all with 3-momenta no larger than of order m π . We wish to develop a perturbation theory for this amplitude, based on an expansion in powers of the ratio of these small momenta (and the pion mass) to some momentum scale that is characteristic of quantum chromodynamics, such as m ρ .
In counting the number of powers of small momenta in any given "old fash- 
where ∆ i is an index for an interaction of type i, given in terms of the number n i of nucleon field factors and the number d i of derivatives (or powers of pion mass) in the interaction, by 
which is derived from the most general chiral-invariant Lagrangian with ∆ i = 0 : As already mentioned, the vertices with ∆ i = 2 that contribute to corrections of type (c) contain so many free parameters 4 that little of value can be learned by using the effective Lagrangian to calculate these corrections. The three-body forces are more interesting in processes involving a pion.
For definiteness, consider the low-energy elastic scattering of a pion from a nucleus of nucleon number A. General considerations of scattering theory tell * I am grateful to J. Friar for pointing out that in some treatments of the nuclear threebody problem the pion exchange forces are calculated neglecting nucleon kinetic energies in energy denominators, and that the corrections to this approximation are of the same order as the other corrections considered in this work. This is a lot to calculate, but the problem becomes much simpler if we restrict our attention to the pion-nucleus scattering length, for which the incoming and outgoing pion have vanishing 3-momenta. The leading terms as well as the corrections to pion-nucleon scattering give a scattering length that (apart from reduced-mass corrections) is just the sum of the scattering * * There are also nominally leading terms in which the incoming pion is absorbed by one nucleon and the outgoing pion is emitted by another, but when these are summed over different time-orderings they cancel. Again, this is because summing over time-orderings yields a Feynman diagram in which energy is conserved, but energy cannot be conserved in the emission or absorption of a single real pion by a single nucleon. 
The other graphs, 4(d) and 4(e), are not summed over all time-orderings (because the sum would include reducible as well as irreducible graphs) and so their contributions must be calculated using old-fashioned perturbation theory. These contributions to the pion-nucleon scattering length are:
where subscripts a, b are pion isovector indices; r, s label individual nucleons;
q rs is the momentum transferred between nucleons r and s in their interaction with the pion; σ (r) and t (r) are the Pauli spin vector and isospin vector of nucleon r; and (t (π) c ) ab = −iǫ abc is the pion isospin vector. Note that as a result of a partial cancellation between (6) and (7), the integrand in the sum of these averages vanishes for q rs → ∞, which makes the result less sensitive to the behaviour of the nuclear wave function at small internucleon separation. † To second order in small momenta, the pion-nuclear scattering length is
where a (r)
ab is the pion scattering length on the r'th nucleon.
This all becomes much simpler in two special cases. One is double charge-
where the scattering lengths a
[r] ab as well as the corrections (6) and (8) arises only from "σ-term" corrections to the pion-nucleon scattering lengths, and is therefore relatively small, making it feasible to compare calculations of the corrections considered here with experimental measurements of the pion-nuclear scattering lengths.
This may be illustrated in the paradigmatic case of pion-deuteron scattering. To evaluate the two-body terms here we need to use isotopic spin invariance to derive the pion-neutron scattering lengths from measured values of the π + p and π − p scattering lengths. This is not entirely straightforward, because we are interested here in the relatively small corrections to the leading soft-pion results for which a πp + a πn = 0, and these corrections arise in part from "sigma terms" proportional to u and d quark masses that do not even approximately conserve isospin. Fortunately to first order in quark masses the isospin violation in the sigma terms affects only processes involving at least one neutral pion, 6 so that isospin relations can be used to calculate a πn . This gives the two-body terms in the π − d scattering length
π . Shifting to coordinate space, the remaining corrections are given by:
and
where u and w are the s-wave and d-wave parts of the deuteron wave function, normalized so that
The rescattering term (10) [but not (11)] has been previously considered in the books of Eisenberg and Koltun and Ericson and Weise. 7 Because of the anomalously large radius of the deuteron, this term is considerably larger than the remaining three-body term (11), so it should be calculated including first-order corrections to the pion-nucleon scattering vertices in Figure 4 (a). Fortunately these corrections can be taken from the measured values of the scattering lengths.
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In this way one finds that explaining (as previous calculations did not explain) just why it is correct to consider only certain graphs and certain terms in the effective Lagrangian.
I am grateful for discussions with C. Dove, J. Friar, A. Gleeson, C.
Ordoñez, U. van Kolck, and J. D. Walecka.
